Abstract. We study tuples of matrices with rigidity index two in Sp 4 (C), which are potentially induced by differential operators of Calabi-Yau type. The constructions of those monodromy tuples via algebraic operations and middle convolutions and the related constructions on the level differential operators lead to previously known and new examples.
Introduction
Fourth order differential operators of Calabi-Yau type intend to describe periods of one-parameter families of Calabi-Yau threefolds over P 1 minus a finite set of points which admit a point of maximally unipotent monodromy at the origin z = 0. The most prominent example is the Picard-Fuchs operator for the mirror of a family of quintics in P 4 which was investigated by Candelas et al. in [COGP92] . Their amazing results concerning the prediction of Gromov-Witten invariants of the family was for many mathematicians a reason to study mirror symmetry. During the last years, a characterization of those differential operators from a purely differential-algebraic point of view as well as a collection of examples was established, see e.g. [AESZ05] , [AZ06] and [Bog12] . This leads to the notion of a CY-type differential operator, see Definition 4.1. Those operators are irreducible, self-dual, Fuchsian and their local solutions underly further integrality conditions. The majority of known examples of order four was found by computer searches and is -from a geometric point of view -still purely understood. A step towards a geometric realization can be provided by checking whether the differential operator can be constructed from differential operators of lower order by operations which are known to preserve their so called geometric origin, see e.g. [And89, Chapter II] for more details. For a given differential operator L with finite singular locus S ⊂ P 1 , this can be done by looking at the associated local system L whose sections are given by L(U ) = f ∈ O P 1 \S | L(f ) = 0 . If this local system is physically rigid in the sense of [Kat96] , it can be constructed by a series of middle convolutions and tensor products of Kummer sheaves and hence inherits a geometric interpretation. Related constructions on the level of differential operators where established [BR13] . Moreover, we showed in [BR13] that symplectically rigid local systems which are potentially induced by differential operators of CY-type admit constructions which involve more general tensor operations. Carrying out these constructions on the level of differential operators explicitely, we were able to regain all known examples of CY-type operators which induce such a local system. In that spirit and by the notion of the index of rigidity of a local system, this article can be seen as a continuation of [BR13] , as it is devoted to potential local systems of CY-type operators with index two in Sp 4 (C). As in [BR13] or [DR00] , we rather use a more explicit framework for our constructions. Given a local system L of rank n on P 1 \ S, we get an associated tuple of n × n-matrices T = (T 1 , . . . , T r+1 ) ∈ GL n (C) with r+1 i=1 T i = ½ n by the choice of an orientation on P 1 , a base point x 0 ∈ P 1 \ S and a set of generators γ 1 , . . . , γ r+1 ∈ π 1 (P 1 \ S, x 0 ) such that γ 1 • · · · • γ r+1 is homotopic to the trivial path. All those underlying topological choices induce a equivalence of categories and hence enable us to work with the related tuple T , a so called M-tuple. Throughout this article, we are often not specific concerning those underlying choices. As many properties of an M-tuple can be read off by the Jordan forms of its matrices, we also collect the tuple of Jordan forms associated to an M-tuple.
In the first section, we recall some operations on tuples of matrices and differential operators as established in [DR00] , [DR07] and [BR13] . Thereafter, we state possible tuples of Jordan forms which are induced CY-type operators with index two. In turns out, that each of those operators admits either three or four non-apparent singularities. Although we only find some exceptional examples in the case of three singularities, we provide a construction of a inducing family of differential operators for each of the other cases in the second section. The constructions rely on special differential operators of order two, so called Heun operators. The third section is devoted to the detection of CY-type operators inside the families we constructed before. Due to our observations, we end up with a CY-type operator if the operator of order two we started with is of CY-type as well. All of the examples of suitable CY-type operators of order two we know are provided by algebraic pullbacks of hypergeometric differential operators and the majority of them even has a direct geometric interpretation as Picard-Fuchs operators of families of elliptic curves with four singular fibers, see [Her91] . In this sense, the resulting CY-type operator also inherits a geometric interpretation which should be subject of further studies. Via these methods, we are able to reconstruct all previously known examples of fourth order differential CY-type operators of this type and provide new examples as well. A major part of the results of this article was developed in the first authors PhD-thesis [Bog12] .
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Operations
2.1. Operations on tuples of matrices. We fix some notations and conventions. In the sequel, we consider G ⊂ GL n (C) to be an irreducible reductive linear algebraic group. A tuple of matrices
T i = ½ n holds. The matrix T i is called the i-th element of the tuple. The rank rk(T ) of T equals n. If G is a symplectic or an orthogonal group, we call T symplectic, resp. orthogonal, as well. Two M-tuples T = (T 1 , . . . , T r+1 ) and
i holds for all 1 ≤ i ≤ r + 1. We do not distinguish between M-tuples which are equivalent to each other. Moreover, we call two tuples of Jordan matrices to be similar, if they coincide up to permutation of their matrices and tensor products with M-tuples of rank one. For a matrix A ∈ G, we put
the associated tuple of Jordan matrices. Note that this tuple usually is not an M-tuple. We study tuples of matrices of the following type Definition 2.1. An arbitrary tuple of matrices A = (A 1 , . . . , A r+1 ) ∈ GL n (C) r+1 is called of CY-type if
(1) A is symplectic for n even and orthogonal for n odd.
(2) all elements of A are quasi-unipotent.
(3) one of its elements A i is maximally unipotent, i.e. J(A i ) = J(n).
Note that if T is tuple of CY-type, its associated tuple of Jordan forms J(T ) also is. As CY-type operators are irreducible, we are mainly interested in irreducible M-tuples, i.e. M-tuples whose elements generate an irreducible subgroup of GL n (C). Irreducible M-tuples underly the following condition taken from [Sco77, Theorem 1].
We also consider the rigidity index of tuples of matrices in G.
Definition 2.3. Consider a tuple of matrices A ∈ G r+1 . The positive integer
where Z(G) denotes the center of G, is called the index of rigidity of A in G.
If T ∈ GL n (C) r+1 is an irreducible M-tuple, note that i GL n (C) (T ) = 0 if and only if T is linearly rigid, see e.g. [Kat96, Chapter 1]. For a given irreducible M-tuple T ∈ G r+1 , the main operations we are dealing with are tensor products T ⊗ T ′ with other M-tuples T ′ ∈ G r+1 and middle convolutions MC α (T ) where α ∈ C * . Those operations are discussed in [DR00] . We just recall the related operations on the level of tuples of Jordan forms here. Therefore, we denote in the sequel by αJ(k) a Jordan block matrix of size k with respect to the eigenvalue α. The direct sum of two Jordan block matrices refers to a matrix splitting into those Jordan blocks. If a block αJ(k) in such a decomposition appears with multiplicity ν we denote that by αJ(k)
ν . All in all we may write
where E(J) is the set of eigenvalues of J.
We have a natural notion for the tensor product of two tuples J = (J 1 , . . . , J r+1 ) and
). Very often, we take tensor products with rank one tuples of the form (1, . . . , 1, α, 1, . . . , 1, α −1 , 1, . . . ) for some α ∈ C * . Hence we denote by K j i (α) an M-tuple of rank one, which has α as its i-th element, α −1 as its j-th element and 1 elsewhere. The middle convolution and the middle Hadamard product with special tuples of rank one on the level of Jordan forms are defined as follows:
Definition 2.4. Consider an tuple of Jordan forms J = (J 1 , . . . , J r+1 ) ∈ GL r+1 n (C) and α ∈ C * . Then we put
and
Analogously, the middle Hadamard-product is defined via
By [Kat96, Chapter 6], this operation is compatible with the middle convolution for irreducible M-tuples, i.e. we have J(MC α (T )) = MC α (J(T )). The middle convolution MC α (T ) with α ∈ C * \ {1} is an invertible operation which preserves irreducibility and rigidity of T , see [DR00, Remark 3.1, Corollary 3.6 and Corollary 4.4].
Proposition 2.5. Consider an irreducible M-tuple T = (T 1 , . . . , T r+1 ) ∈ GL n (C) such that at least two matrices T i , T j with 1 ≤ i, j ≤ r are not the identity if n = 1. Then for each α ∈ C * \ {1} we have that
(4) The operation MC −1 turns symplectic into orthogonal and orthogonal into symplectic tuples.
is orthogonal or symplectic.
The second and third statement also hold if we replace T by J(T ). Finally, we also consider the square of a tuple of Jordan forms J = (J 1 , . . . , J r+1 ) which is simply given by
). In the geometric situation, this reflects the effect on the tuple of Jordan forms associated to a given local system under a degree two cover of the space it is defined on.
2.2. Related operations on differential operators. In this section, we review the translation of the constructions done on the level of monodromy tuples to the level of differential operators as it was done in [BR13, Section 4, Section 5] and [Bog12] . We put as usual 
The polynomial a n is called the discriminant of L. The set of roots of the discriminant together with the points 0 and ∞ is the singular locus S of L. We can rearrange the coefficients of
. The roots of P 0 are called the exponents of L at z = 0. The exponents of L at the other points p ∈ C and p = ∞ are defined in the same way via the transformation z → z + p, resp. z → 1 z . As pointed out in the introduction, we can attach to each differential operator L ∈ C[z, ϑ] with singular locus S a local system L on P 1 \ S and hence by further topological choices an M-tuple T of matrices. In this situation, we usually call T to be a monodromy tuple of L. There is a so called universal Picard-Vessiot ring F of C[z], z d dz , i.e. a simple differential ring with field of constants C which contains all solutions of each differential operator
where µ ∈ C. If all singularities s 1 , . . . , s r+1 of L are regular, we call L to be fuchsian. In that case, we collect the local exponents e 1,i , . . . , e n,i of L at each of its singularities s i in the so called Riemann scheme
. . .
is the reduced operator of minimal degree, whose solution space is spanned by the set
is the monodromy tuple associated to L i , the monodromy tuple associated to L 1 ⊗ L 2 is a sub tuple of T 1 ⊗ T 2 , i.e. this tuple can be achieved by restricting the elements T 1 ⊗ T 2 to a subspace of C n which is set-wise invariant under all of them. In particular, we have
To discuss the middle Hadamard product, we introduce for each a ∈ Q the operator
If L is fuchsian, irreducible and admits no local exponent in Z <0 at each p ∈ P 1 \ {0} and no local exponent in 1 − a + Z <0 at z = 0 then the middle Hadamard product L ⋆ H I a of L and I a is given by the unique irreducible right factor of H a (L) of degree
where T = (T 1 , . . . , T r+1 ) denotes a monodromy tuple associated to L such that T 1 is the local monodromy at z = 0 and T r+1 the local monodromy at z = ∞. Furthermore, we investigate the natural action of rational functions for fuchsian differential
We will also use some algebraic transformations, namely the inverse of z → z n for n ∈ N, if they are defined. To be more precise, we define the differential subring
and set z
One can check locally, if an operator lies in C[z n , ϑ] using the following
where we put A(ν) = 0 if ν < µ. Assume now that A(ν) = 0 if ν = knµ for any k ∈ N. Writing m = pn + q, p, q ∈ N 0 , q < n, we see that
As L is an irreducible right factor of this operator and has the same degree, they have to coincide. To prove the other direction of the statement let L ∈ C[z n , ϑ] and assume that L has no local solution in z µ C z n . Without loss of generality we can assume that µ + r is not an exponent of L for each r ∈ N. Let ν 0 be minimal such that ν 0 is no integer multiple of µ and A(ν 0 ) = 0. By the recurrence equation stated above, we get P 0 (ν 0 )A(ν 0 ) = 0 in contradiction to our assumptions.
The previous lemma justifies the following construction, which we call the Delta construction: Consider an irreducible, fuchsian differential operator R ∈ C[z, ϑ] and a local solution
Thus we can apply the map z 1/2 to this operator and end up with
CY-type tuples of rank four with symplectic rigidity index two
We first give a list of CY-type tuples of Jordan-forms J ∈ Sp 4 (C) r+1 with i Sp 4 (C) (J) = 2 and discuss possible constructions of related M-tuples thereafter. To simplify notation, we denote by 
Table 1: Jordan forms in Sp 4 (C) and SO 5 (C).
Proposition 3.1. Consider an M-tuple T ∈ Sp 4 (C) r+1 with i Sp 4 (C) (T ) which is induced by an operator CY-type. Then we have r ∈ {2, 3} and J(T ) is similar to one of the following tuples
Proof. Throughout the proof, write J := J(T ) and G = Sp 4 (C). We assume without loss of generality that J 1 = J(4) and put the other matrices into any order. As i G (J) = 2 and δ G (J(4)) = 8, we have
By Table 1 , this yields r ≤ 3. The possibilities for r = 2 give the families N 1 (α, β, γ) and N 2 (α, β, γ). If r = 3, we have δ G (J 2 ) = δ G (J 3 ) = 4 and δ G (J 4 ) = 6. In particular, we get that
2 , the cases for which γ(J 4 ) = 2 are excluded by Lemma 2.2. This leaves the possibilities
2 ⊕ −J(1) 2 and J 3 = J(2) ⊕ J(1) 2 , the cases for which γ(J 4 ) = 1 are excluded.
as we are looking for solutions in G. Therefore, the possibilities for which γ 2 J 4 ≤ 3 are ruled out by Lemma 2.2. This discussion leaves the possible tuples
3.1. Constructions for tuples with three elements. We do not have a general construction for tuples in families N 1 (α, β, γ) and N 2 (α, β, γ) stated in Proposition 3.1. Nevertheless, we point out possible constructions for special parameters α, β, γ ∈ C * . Consider α, β, γ ∈ C * and a tuple of CY-type T such that J(T ) = N 1 (α, β, γ). Then setting
AsT has an element of maximally unipotent monodromy, it is symplectic by Proposition 2.5 and hence of CY-type. Starting with an operator which is a symmetric cube of a second order one and translating this operation to the level of differential operators, we hence obtain the following result Then the tuple of Jordan forms associated to each monodromy tuple of P a,1 ⊗ (1 − z) −a is similar to N 1 (exp(2πia), i, exp(6πia)) and the tuple of Jordan forms associated to each monodromy tuple of P a,2 ⊗ (1 − z) −3a is similar to N 1 (exp(6πia), i, exp(2πia)).
In Section 4.3, we indicate for which values of a we get CY-type operators. Note, that although the operator S a we started with is a symmetric cube, the operator P a,1 is usually not.
For an M-tuple T of CY-type whose tuple of Jordan forms reads N 2 (α, β, −1) a direct computation shows that
) with −δ 2 = α and ǫ 2 = β. We try to invert this construction on the level of differential operators. Therefore, we should start with an irreducible operator R of order two whose non-apparent singularities are S = {0, −1, 1, ∞} and such that the tuple of Jordan forms of a monodromy tuple coincides with J. Moreover, we require R ∈ C[z 2 , ϑ] to get that ∆(R) is irreducible of degree four. Then the irreducible right factors of ∆(R)
Definition 3.3. For a fuchsian differential operator L ∈ C[z, ϑ] of degree two which has rational exponents e 1,s ≤ e 2,s at each singularity s ∈ S, we call λ s := e 2,s − e 1,s the signature of the singularity s. With respect to an order on S, the tuple of signatures of all points in S is denoted by sign(L) and called the signature of L.
In the sequel, we consider fuchsian differential operators L for which the smallest exponent at z = s is zero at each s ∈ C. Then, by the classical Fuchs relation
all remaining exponents of L are determined by its sign(L). Moreover, as we only want to consider operators for which the exponents at each of their singularities fix the Jordan form of the corresponding local monodromy, we assume that all entries in sign(L) are strictly smaller than one. A class of such operators are the following ones:
the associated Heun operator.
The Riemann-scheme of a Heun operator reads
and its signature is given by sign(R(h)) = (t, u, v, w). In the sequel, we will just study Heun operators R(h) ∈ Q[z, ϑ], meaning that either s 1 , s 2 ∈ Q or u = v and there is an irreducible polynomial p ∈ Q[X] of degree two such that p(s 1 ) = p(s 2 ) = 0.
We state constructions for each of the cases M 1 (α) − M 5 (α) using Heun operators. This leads to three-parameter families of operators. Operators of CY-type inside those families are stated in Section 4.4. Assume in the sequel that T is an M-tuple of CY-type. If
for α = 1 we find that
4 (α) = (J(2), J(2), J(2), J(2)). As the tuple of Jordan forms associated to the monodromy tuple of R(0, 0, 0, 0, s 1 , s 2 , c) is precisely (J(2), J(2), J(2), J(2)), translating this construction to the level of differential operators yields Proposition 3.5. For each a ∈ Q \ Z the tuple of Jordan forms associated to each monodromy tuple of
is similar to M 1 (exp(2πia)).
for α = 1, we find that
for β 2 = α. As the tuple of Jordan forms associated to the monodromy tuple of R 0, 
for α = 1, we find
The latter tuple is similar to
3 ) for which we find that
with β 2 = −α. To mimic the inverse construction on the level of differential operators, we start with the Heun operator R(0, λ, λ, 0, s 1 , s 2 , c). Consider
whose Riemann scheme reads
The tuple of Jordan forms associated to each monodromy tuple of P 1 is similar to (J(2), [exp(πiλ)], [exp(πiλ)], J(2), J(1) 2 ). For general values c ∈ C, a direct computation shows, that the Riemann scheme of ∆(P 1 ) reads 
wheres ∈ C is an apparent singularity. Next, we check that ∆(P 1 ) ⋆ H I 1 2 = LP 2 , where L is the unique monic operator of degree one whose Riemann-scheme reads
The tuple of Jordan forms associated to each monodromy tuple of P 2 is similar to M 3 (exp(2πi(λ + 1/2)). To decrease the number of terms of the resulting differential operator, we put Q 3 (s 1 , s 2 , λ, c) :
2 )) −1/2 . Carrying out all computations explicitly yields Proposition 3.7. For each λ ∈ Q \ Z the tuple of Jordan forms associated to each monodromy tuple of
we have
This tuple is similar tõ
3 ) for which we find thatJ where β 2 = α. To mimic the inverse construction on the level of differential operators, we start with the Heun operator R(0, 1 2 , 1 2 , λ, s 1 , s 2 , c). Consider the operator
whose Riemann scheme reads For general values c ∈ C, a direct computation shows that the operator ∆(P 1 ) has Riemann scheme
wheres ∈ C is an apparent singularity. Next, we check that
where L is the unique monic operator of degree one whose Riemann-scheme reads
The tuple of Jordan forms associated to each monodromy tuple of
is similar to M 4 (exp(πiλ)). Carrying out all computations explicitly yields Proposition 3.8. For each λ ∈ Q \ Z the tuple of Jordan forms associated to the monodromy tuple of
Finally, if
we find that
By Proposition 2.5, MC −1 (T ) lies in SO 5 (C) and the exceptional isomorphism between SO 5 (C) and Sp 4 (C) allows us to write J ′ = 2 (J ′′ ) for
with β 2 = α. Moreover, we find that
To mimic the inverse construction on the level of differential operators, we start with R 0, 1 2 , 1 2 , 0, s 1 , s 2 , c . One checks directly that
is self-dual and hence that the tuple of Jordan forms associated to the monodromy tuple of 2 (P 1 ) coincides with J ′ . The desired operator then reads Q 5 (s 1 , s 2 , c, λ) = 2 (P 1 ) ⋆ H I 3 2 . Carrying out the computations explicitly yields Proposition 3.9. For each a ∈ Q \ Z the tuple of Jordan forms associated to each monodromy tuple of
is similar to M 5 (exp(πia)).
As a result of the constructions stated in this section, we get 
It is clear that each M-tuple attached to a differential operator of CY-type has those properties. For each family of operators constructed in the previous section, we try to detect those which are of CY-type. Note that each operator of families P a,1 and P a,2 stated in Proposition 3.2 satisfies CY-properties (P), (M) and (N). Hence it remains to check experimentally whether (Q) and (S) hold. The results are stated in Section 4.3. The other constructions we did rely on the choice of differential operators of order two. As stated in Theorem 3.10, each of the operators Q 1 − Q 5 satisfies properties (M) and (P). To discuss the remaining CY-properties, we first observe that all of them depend on the choices of s 1 , s 2 and c and that none of them seems to hold for an arbitrary choice. A closer look at the constructions on the level of differential operators we used reveals, that all of them preserve N-integrality of solutions which are locally holomorphic near z = 0. Therefore, a first step towards a strategy to find CY-type operators is to guarantee, that the Heun operator R(h) we start with admits an N-integral solution at z = 0. Moreover -for reasons which are not understood yet -each constructed operator of order four seems to satisfy property (Q) if the Heun operator we started with does. Therefore, we chose the parameters s 1 , s 2 , c in such a way that the Heun operator underlying the construction is of CY-type. All examples of this type we know can be obtained by algebraic pullbacks of hypergeometric differential operators. The majority of them are Picard-Fuchs operators for families of relatively minimal elliptic curves with section over Q and are obtained from [Her91] .
4.2.
Underlying CY-type operators of degree two. In the upcoming tables, we state those Heun operators which are of CY-type and are suitable for the constructions of Q 1 − Q 5 . We only state the parameter c explicitly, as the singularities s 1 and s 2 can be regained directly as the roots of the polynomial coefficient of ϑ 2 . For sign(R(h)) = (0, 0, 0, 0), we find the following six operators. 
has four singularities {0,s 1 ,s 2 , ∞} and sign(L 2 ) = (0,
We referred to this construction by decorating the number of the operator with a (·)
′ . Up to a tensor product with an operator of degree one, the following operators are Picard-Fuchs operators for the following families 
4.3. Resulting operators of order four with three singularities. We state for each of the families the operators of CY-type inside we found with the methods described before. For each of these operators, we have normalized the coordinate via z → λz in such a way that its q-coordinate lies in zZ z and is minimal in the sense that there is no N ∈ N such that N In case that all previously known operators with the same instanton numbers have more singularities than the one stated here, the numbers are written in italics. In case that we know an operator having the same instanton as the one we found but a smaller number singularities, we write them smaller. If the numbers are written boldly, none of the previously known operators has the same instanton numbers. Family: P a,1 ⊗ (1 − z) −a , where
Riemann scheme: Riemann scheme: The first three genus zero instanton numbers read −3488, −1406056, −1142687008.
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Second case: R = ϑ 2 + z 36 − 288(ϑ 2 + ϑ) − z 2 11904 + 27648 ϑ 2 + 55296ϑ + 884736 z 3 (3 ϑ + 1) (3 ϑ + 2) + 37396835774521933824 z 4 (3 ϑ + 1) (2 ϑ + 1) 2 (3 ϑ + 2)
The first three genus zero instanton numbers read −188832, −3134817768, −101990911789344.
4.4.
Resulting operators of order four with four singularities. We state for each of the families the operators of CY-type inside we found with the methods described before. For each of these operators, we have normalized the coordinate via z → λz in such a way that its q-coordinate lies in zZ z and is minimal in the sense that there is no N ∈ N such that N 
